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FOREWORD 
Low f e r t i l i t y  l e v e l s  i n  IIASA c o u n t r i e s  a r e  c r e a t i n g  aging 
popula t ions  whose demands f o r  h e a l t h  c a r e  and income maintenance 
( s o c i a l  s e c u r i t y )  w i l l  i n c r e a s e  t o  unprecedented l e v e l s ,  thereby  
c a l l i n g  f o r t h  p o l i c i e s  t h a t  w i l l  seek t o  promote i nc reased  family  
c a r e  and w o r k l i f e  f l e x i b i l i t y .  The new Popula t ion  Program w i l l  
examine c u r r e n t  p a t t e r n s  of popula t ion  aging and changing l i f e -  
s t y l e s  i n  IIASA c o u n t r i e s ,  p r o j e c t  t h e  needs f o r  h e a l t h  and 
income suppor t  t h a t  such p a t t e r n s  a r e  l i k e l y  t o  gene ra t e  dur ing  
t h e  nex t  s e v e r a l  decades ,  and cons ide r  a l t e r n a t i v e  family  and 
employment p o l i c i e s  t h a t  might reduce t h e  s o c i a l  c o s t s  of meeting 
t h e s e  needs.  
Mul t i r eg iona l  and m u l t i s t a t e  demographic methods a r e  being 
i n c r e a s i n g l y  adopted i n  a p p l i e d  popula t ion  r e sea rch .  This  has  
s t i m u l a t e d  a reexaminat ion of  a  number of a s p e c t s  of t h e  b a s i c  
methodology. One of t h e s e  i s  t h e  proper  s u r v i v o r s h i p  of t h e  l a s t  
two age groups i n  a  popu la t ion  and an a p p r o p r i a t e  c a l c u l a t i o n  of 
t h e  corresponding s u r v i v o r s h i p  p ropor t ions .  This  problem i s  
p a r t i c u l a r l y  r e l e v a n t  i n  s t u d i e s  of t h e  f u t u r e  age composit ion 
of t h e  e l d e r l y  popula t ion .  This  paper sugges t s  s e v e r a l  a l t e r -  
n a t i v e s  t o  improve t h e  p r o j e c t i o n  of t h e  popula t ion  i n  t h e  l a s t  
two age groups.  The so-ca l led  p r e f e r r e d  approach recommended by 
t h e  a u t h o r s  may be r e a d i l y  i n t e g r a t e d  i n t o  t h e  s t anda rd  framework 
of m u l t i s t a t e  p r o j e c t i o n s .  
Andrei Rogers 
Leader, Popula t ion  Program 
ABSTRACT 
The aging of popula t ions  i s  a phenomenon which has  become 
an important  r e sea rch  t o p i c .  Demographers, however, have given 
inadequate  a t t e n t i o n  t o  t h e  p r o j e c t i o n  of t h e  number of o l d  people 
and t h e i r  f u t u r e  age composition. This  paper shows t h a t  t h e  con- 
ven t iona l  method f o r  e s t ima t ing  t h e  su rv ivor sh ip  propor t ions  of 
t h e  very o l d  t ends  t o  produce misleading r e s u l t s  wi th  r e s p e c t  t o  
t h e  s i z e  and composit ian of t h e  aged. Severa l  a l t e r n a t i v e s  a r e  
suggested he re  t o  overcome t h e s e  problems. An empi r i ca l  example 
i s  used t o  p o i n t  o u t  t h e  problems of t h e  convent ional  approach 
and t o  e v a l u a t e  t h e  suggested improvements. 
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MULTISTATE SURVIVORSHIP PROPORTIONS 
FOR THE TERNINAIL AGE GROUPS 
INTRODUCTION 
In multistate demography, an arbitrary convention has 
been used to obtain the submatrices of survivorship (and out- 
migration) proportions.for t h e  two o l d e s t  age groups from the 
submatrices representing the age compositions of the multiregional 
life table (stationary) population. The convention mismatches 
two subpopulations and causes problems that have become parti- 
cularly serious when one tries to construct a single-year pro- 
jection model for a population with a high expectation of life. 
Since the convention was inherited from the common practice in 
single- state mathematical demography, the problem ha& been 
hidden or ignored for a long time. As population aging has become 
an important research topic in recent years, we find it timely 
to focus in this paper on pointing out the problems of this con- 
vention and proposing alternative solutions. To illustrate our 
arguments we shall draw on a multiregional example using Swedish 
data. 
In section 1, we identify the problems of the conventional 
approach. Section 2 presents an alternative approach that reduces 
the severity of mismatching subpopulations by further splitting 
up the last age group into smaller ones. Section 3 shows our 
preferred alternative approach that yields sensible and inter- 
pretable results. Section 4 uses the 1974 Swedish data shown 
in Appendix A to evaluate the quality of the projection results 
that are generated by the different approaches. The last section 
summarizes the main points. 
1. THE PROBLEM OF THE CONVENTIONAL APPROACH 
Consider a population with N (1 1) regions and w+l age 
groups: (0, h) , (h, 2h) , . . . , (x,x+h) , . . . , (wh,m) . Let h&x be an 
N XN matrix representing the place-of-residence-by-place-of-birth 
population distribution of the x age group (i.e., between exact 
ages x and x+h) in the multiregional life table population. 
Specifically, the element in the ith row and the jth column is 
the number of residents at exact ages between x and x+h in region 
j who were born in region i. Also let be the N xN submatrix 
of survivorship (and outmigration) proportions, where the element 
in row j and column i represents the proportion of the individuals 
in the ith region and the x+h age group who will reside in the 
jth region h years later. The diagonal elements of hSx are 
surviving stayer proportions, whereas the off-diagonal elements 
of hSx are surviving outmigration proportions. Without foreign 
migration, the constraint 
must be satisfied for each element i j hSx Of hSx 
By definition, we have 
L = S  L for x = O,h,2h, ..., (w-1)h h-x+h h-x h-x ( 2 )  
and 
L = L L 
a-wh h? (w-1 ) h h- (w-1 ) h + hSwh a-wh ( 3 )  
The conventional approach is (i) to solve equation (2) for 
S for the first w-1 age groups, (ii) to solve for h?(w-l)h h-x 
from the inappropriate equation 
and (iii) to set hSwh to zero. The convention is found in most 
books that deal with uniregional as well as multiregional popu- 
lation projections (e.g., Keyfitz (1 968 and 1977) and Rogers (1975) ) . 
A problem of the conventional approach is that the last two 
S do not contain any demographically meaningful quantities. h-wh 
For example, in a single-region life table based on the 1974 
Swedish female mortality data for 86 age groups (0,1,2, ..., 85+), 
we found that 1L84 = 0.36424 and mL85 = 1.79784. According to 
the conventional approach, we get - L-' = 4.93592 and 1'84 - mL85 1 84 
= 0. These are, of course, meaningless survivorship pro- 
portions. By disaggregating the female population into two 
regions (Stockholm and the rest of Sweden), and incorporating 
interregional migration information (see Appendix A), the con- 
ventional approach yields 
and 
Though they happen to be between zero and unity, the off-diagonal 
elements of 1S84 are much too large to represent the surviving 
outmigration proportions of the relevant subpopulations. Further- 
more, the diagonal elements of S fall far above the upper 1-84 
bound of the constraint that must hold for the definition of 
surviving stayer proportions. In general, these elements tend to 
be farther above the upper bound, when the expectation of life 
at age wh is high, or when both w and h are small. Of course, 
one must not be serious about interpreting equation (6). With 
mortality and migration information available for all age groups, 
it is regrettable that the conventional approach ends up with 
meaningless submatrices of survivorship and outmigration propor- 
tions for the last two age groups. If the last age group of the 
raw data was 65+, then the h$x submatrices would contain no use- 
ful information about the post-retirement subpopulations. 
One may argue t h a t  t h e  submatr ices  hSx a r e  cons t ruc t ed  s o l e l y  
f o r  t h e  purpose of p r o j e c t i o n .  Therefore ,  a s  long a s  t h e  r e s u l t i n g  
p r o j e c t i o n s  a r e  reasonably  good, one need n o t  c a r e  about  
i n t e r p r e t a t i o n s .  Unfor tuna te ly ,  t h e  p r o j e c t i o n s  can t u r n  o u t  t o  
be t r u l y  bad,  p a r t i c u l a r l y  when a  s ing le -yea r  p r o j e c t i o n  model 
i s  used. Consider aga in  t h e  aforementioned b i r e g i o n a l  Swedish 
popula t ion .  Applying t h e  submatrix i n  equa t ion  (5 )  t o  t h e  
1974 subpopulat ion i n  t h e  84th  age group g i v e s  
Comparing t h i s  v e c t o r  w i th  t h e  observed i n i t i a l  subpopulat ion i n  
t h e  85+ age group 
w e  see. t h a t  t h e  convent iona l  approach imp l i e s  an annual  growth 
r a t e  f o r  t h e  l a s t  age group of 28% i n  t h e  Stockholm reg ion  and 
22% i n  t h e  rest of  Sweden. Lumping t h e  two r eg ions  t o g e t h e r  g i v e s  
an annual  growth r a t e  f o r  t h i s  age group of 23%. These pheno- 
menally h igh  growth r a t e s  mean t h a t  t h e  p r o j e c t i o n  i s  t o t a l l y  
mis lead ing  a s  f a r  a s  t h e  l a s t  age group i s  concerned.  W e  w i l l  
snow l a t e r  t h a t  t h e  growth r a t e  of t h e  whole popula t ion  genera ted  
by t h e  convent iona l  approach i s  a l s o  d i s t o r t e d  q u i t e  badly .  
I n  s h o r t ,  t h e  conven t iona l ly  cons t ruc t ed  S  submatr ices  h-x 
f o r  t h e  l a s t  two age groups a r e  s u i t a b l e  n e i t h e r  f o r  i n t e r p r e t a -  
t i o n  nor f o r  p r o j e c t i o n .  Therefore ,  w e  s h a l l  cons ide r  a  few 
a l t e r n a t i v e  approaches t h a t  may produce more s a t i s f a c t o r y  r e s u l t s .  
2. THE DISAGGREGATION APPROACH 
One can partly overcome the aforementioned problems by 
disaggregating the last open-ended age group into an arbitrary num- 
A A A 
K her - (J) of age groups: h?(wht h-(w+l)h~~*~fw?((w+J)h~ Any reasonable 
interpolation procedure such as a third-degree spline can be 
applied, as long as the constraint 
is satisfied. Note that the age-composition of these new groups 
will not have a lasting effect on the projected population 
because the people in these age groups at the initial time will 
be totally replaced by the incoming cohorts after Jh years. 
Under the assumption that the observed mortality and mobility 
rates of the last age group apply to all additional age groups, 
the submatrices of survivorship proportions can be computed as 
follows. The submatrix S in the conventional approach, h- (w-1 ) h 
expressed in terms of occurrence/exposure rates, is given by 
(Ledent 1978) 
S 1 -1 = - M  h h-(w-1)h h -wh [I - f !(w-1)h I (9 
where !wh denotes the matrix of observed rates as set out in 
Willekens and Rogers (1978). This matrix is now replaced by a 
A 
matrix hz (w-l ) h calculated by 
Assuming constant rates for all ages w+j (j = O,...,J-2), the 
corresponding submatrices of survivorship proportions are given by 
= P h-wh 
The troublesome submatrix of su rv ivor sh ip  p ropor t ions  S h- (w+J+l) h  
f o r  t h e  open-ended age group can now be c a l c u l a t e d  i n  two ways. 
E i t h e r  by applying t h e  same procedure a s  f o r  t h e  o t h e r  a d d i t i o n a l  
age groups and s e t t i n g  
o r  us ing  t h e  convent ional  formula f o r  t h e  l a s t  su rv ivor sh ip  
matr ix  b u t  wi th  i d e n t i c a l  r a t e s  f o r  t h e  l a s t  and nex t  t o  t h e  l a s t  
age groups. From equat ion  (9 )  w e  then  g e t  
The computation based on equat ion  ( 1 2 )  w i l l  f u r t h e r  on be r e f e r r e d  
t o  a s  d i saggrega t ion  approach ( I ) ,  and t h e  a l t e r n a t i v e  involv ing  
equat ion  (13) a s  d i saggrega t ion  approach (11). For both a l t e r -  
n a t i v e s t  hS (w+ J )  h i s  set t o  zero.  The popula t ion  can now be 
p ro jec t ed  forward by t h e  expanded growth matr ix .  The s t r u c t u r e  
of t h i s  mat r ix  i s  t h e  same a s  t h a t  f o r  t h e  convent ional  approach: 
t h e  N x N  submatr ices  i n  t h e  d iagonal  a r e  a l l  zero.  
For t h e  Swedish d a t a  i n  Appendix A ,  we have d isaggrega ted  
t h e  85+ age group i n t o  11 age groups (85,86,  ..., 94,95+).  According 
t o  equat ion  ( 1 0 )  , w e  now have 
Although it looks much more s e n s i b l e  than t h e  corresponding sub- 
mat r ix  generated by t h e  convent ional  approach (see equat ion  ( 5 ) ) ,  
t h i s  submatrix t ends  t o  unde r s t a t e  t h e  l e v e l  of su rv ivor sh ip  
p ropor t ions ,  because i n  equat ion  ( 1 0 )  t h e  average m o r t a l i t y  l e v e l  
of t h e  85+ age group i s  assumed t o  be a p p l i c a b l e  t o  t h e  s ing le -  
year  age 85. 
The submatrices computed according to equation (11) are 
These submatrices also look sensible, except that the survivor- 
ship proportions tend to be understated for and overstated 
'Or 1?93* For the next to the last age group, the disaggregation 
approach (I) yields 
whereas the disaggregation approach (11) gives 
While equation (16) does not give any information in addition 
to that of equation ( 15) , equation (1 7) does not permit any 
meaningful interpretation. Therefore, the justification for the 
disaggregation approach lies in the hope of producing less dis- 
torted projections only. 
3. THE PREFERRED APPROACH 
Our preferred approach uses equation (2) to find the first 
w submatrices of survivorship and outmigration proportions and 
then uses the basic equation (3) to find S  h-wh' The solutions are 
L  -1 S = L  h-x h-.x+h h-x for x = O,h,2h ,..., (w-l)h (18) 
and 
To compute the submatrix hS (w-l ) according to equation (1 8) , 
we need to know the value of hGwh, which is different from the 
submatrix that is computed in the conventional multiregional 
life table. To make the distinction perfectly clear, we write 
and 
where 
.., is an N X N  matrix showing the place-of-residence-by- 
place-of-birth population distribution at exact age x+h among 
the survivals of the arbitrarily specified birth cohort in Lo.* 
.-. 
Failure to see the difference between hI,wh and 
a2wh would lead 
us back to the conventional approach. 
To compute h$x and ,Lx from the matrices of the observed 
mobility and mortality rates (y,), an assumption about the 
underlying mathematical model must be made so that the integrals 
in equations (20) and (21) can be conveniently evaluated. Two 
well-known alternative assumptions are (i) that <, is piece-wise 
linear within the interval h, and (ii) that Mx is a good approx- 
.., 
imation of the matrix of instantaneous mobility and mortality 
*For convenience, we usually let L be such that most ex 
.., .., 
are invertible. 
r a t e s  (p ) which i s  i n  t u r n  assumed t o  be piece-wise cons tan t  
-X 
wi th in  t h e  i n d i v i d u a l  age groups. The approaches based on t h e s e  
two assumptions a r e  c a l l e d t h e l i n e a r  and t h e e x p o n e n t i a l  approaches,  
r e s p e c t i v e l y .  The former approach occas iona l ly  gene ra t e s  some 
nonsens ica l  q u a n t i t i e s  l i k e  a  nega t ive  outmigra t ion  propor t ion ,  
whereas t h e  l a t t e r  does n o t  have such a  problem. Since it i s  
widely used and does genera te  s a t i s f a c t o r y  r e s u l t s  when s ing le -  
yea r  age groups a r e  used,  t h e  l i n e a r  approach s h a l l  be d iscussed  
f i r s t .  
3.1 Linear  Approach 
Assuming a  piece-wise l i n e a r  L over an i n t e g r a l  h ,  equa t ion  ( 18) 
-X 
can be expressed i n  t e r m s  of observed occurrence/exposure r a t e s  
a s  shown by equat ion  ( 1 0 ) .  I n  p a r t i c u l a r ,  t h e  su rv ivor sh ip  pro- 
p o r t i o n s  from t h e  second l a s t  t o  t h e  l a s t  age group i s  given by 
I n  c o n t r a s t ,  t h e  submatrix S h- (w-l)h i n  t h e  convent ional  approach 
was c a l c u l a t e d  according t o  equat ion  ( 9 ) .  
F i n a l l y ,  t h e  propor t ion  surv iv ing  wi th in  t h e  l a s t  age 
group has  t o  be de r ived  from formula ( 1 9 ) .  Replacing S h- (w-1 ) h 
i n  ( 1 9 )  by 
S L - -1 = L h- (w-1 ) h h-wh h- (w-1 ) h 
l e a d s  t o  
L -1 S = I -  L h-wh - h-wh w-wh 
Following Willekens and Rogers (1978) ,  w e  can s u b s t i t u t e  ,Gwh 
i n  ( 2 4 )  by 
and f i n a l l y  g e t  
S = I -  L L - ' M  h-wh - h-wh -wh -wh 
Some f u r t h e r  manipula t ions*  show t h a t  t h e  a d d i t i o n a l  submatr ix  
of  s u r v i v o r s h i p  p ropor t ions  S  is  given by h-wh 
h  S  = I - -[ P + :Ish = hEwh h-wh - 2 h-wh 
wi th  hPwh t o  be c a l c u l a t e d  by 
h  h  P 
= [ I  + 7 Fwh1-' [ I  - - M ] h-wh - - 2.-wh (27) 
Note t h a t  i n  t h e  convent iona l  approach,  t h e  zero m a t r i x  Pwh i s  
- -  
given b u t  P i s  n o t  computed. I t  can be shown t h a t  
h  h-whh - 1 
7[hPwh + I ]  = $<(w+l )  + <wh)<whf  which r e p r e s e n t s  t h e  average 
numbers of person-years l i v e d  i n  va r ious  r eg ions  du r ing  t h e  h  
y e a r s  beyond age wh by r eg ion  of r e s idence  a t  e x a c t  age wh. 
This i n t e r p r e t a t i o n  makes equa t ion  (26) i n t u i t i v e l y  c l e a r .  The 
s u r v i v o r s h i p  p ropor t ions  computed by formulas (22) and (26)  have 
now t o  be p laced  i n t o  t h e  l a s t  row of t h e  growth ma t r ix .  S ince  
an a d d i t i o n a l  element h$wh i s  used,  t h e  growth ma t r ix  i s  r e w r i t -  
t e n  a s  
* F i r s t  r e p l a c i n g  L by h-wh 
and then  us ing  t h e  p rope r ty  (Ledent 1978) 
Applying t h e  l i n e a r  approach t o  t h e  Swedish d a t a  i n  Appendix 
A y i e l d s  
and 
Both t h e s e  ma t r i ces  appear much more s e n s i b l e  than  those  of 
t h e  convent ional  approach. Note t h a t  t h e  submatrix does 
no t  d i f f e r  between t h e  p r e f e r r e d  l i n e a r  approach and t h e  d i s -  
aggrega t ion  approaches. The va lue  of t h e  submatrix of t h e  
p r e f e r r e d  l i n e a r  approach i s  i d e n t i c a l  t o  those  of S 1-86' 
..., S of both d i saggrega t ion  approaches. 1-93 
3.2 Exponential  Approach 
The assumptions t h a t  t h e  observed mat r ix  of occurrence/ 
exposure r a t e s  (!x) i s  a good approximation of t h e  mat r ix  of 
t h e  corresponding ins tan taneous  r a t e s  ( E ~ )  and t h a t  px i s  piece- 
w i s e  cons tan t  w i t h i n  i n d i v i d u a l  age groups imply t h a t  t h e  model 
of t h e  mul t i r eg iona l  l i f e  t a b l e  can be w r i t t e n  a s  t h e  d i f f e r e n t i a l  
equa t ion  
-1 2- 
- 
 - 
SX+X MX ~ X + X  f o r  x  = O,h,2h, ..., wh (31 
where 
- 
i s  t h e  d e r i v a t i v e  of 
- 
with  r e s p e c t  t o  age ,  and 
X i s  c o n s t r a i n e d  by 0 I X < h  f o r  t h e  f i r s t  w age groups and by 
0 I X f o r  t h e  l a s t  age  group. The s o l u t i o n  of t h e  d i f f e r e n t i a l  
equa t ion  i s  
<,+A = f o r  x  = 0,h,2ht . . . ,wh (32) 
I n  o t h e r  words, t h e  ma t r ix  of p r o b a b i l i t i e s  of s u r v i v i n g  between 
e x a c t  ages  x  and x+h i s  simply 
P = e  
- X!!X f o r  x  = O,h,2h, ..., wh A-x (33)  
S u b s t i t u t i n g  equa t ion  (32) and (33) i n t o  equa t ions  (20) and (21)  , 
expanding e - X!X i n t o  a  Taylor  series, and then  i n t e g r a t i n g ,  we 
and 
S u b s t i t u t i n g  equa t ions  (34)  and (35) i n t o  equa t ions  (18) and 
( 1 9 ) ,  we g e t  
f o r  x  = 0 , h , 2 h t . .  . , (w-1)  h  
and 
-hM 
S  = P = e  -wh h-wh h-wh 
The exponen t i a l  approach s t a r t s  wi th  computing a l l  hPx from 
and then  us ing  equa t ions  (36) and (37) t o  compute a l l  hSx. 
To o b t a i n  a  h igh ly  a c c u r a t e  r e s u l t  f o r  Px, w e  recommend t h e  
fo l lowing  computation formula 
This  formula was der ived  by t h e  ma t r ix  cont inued f r a c t i o n  method 
of e l e c t r i c a l  eng inee r s  (Shieh e t  a l .  1978) .  For an exp lana t ion  
of t h e  l o g i c  under ly ing  t h e  method, see Liaw and Ledent (1980) .  
Applying t h e  exponen t i a l  approach t o  t h e  Swedish d a t a  i n  
Appendix A y i e l d s  
and 
Comparing equa t ions  (39)  and (40) wi th  equa t ions  (29) and (30) 
sugges t s  t h a t  f o r  s ing le -yea r  models, t h e  l i n e a r  and exponen t i a l  
approaches tend  t o  y i e l d  s i m i l a r  r e s u l t s .  By comparing t h e s e  
fou r  equa t ions  wi th  equa t ions  ( 5 )  and ( 6 )  , our  p r e f e r r e d  approach 
i s  c l e a r l y  b e t t e r  t han  t h e  convent iona l  approach, a s  f a r  a s  
i n t e r p r e t a b i l i t y  i s  concerned. However, one must remember t h a t  
t h e  s u r v i v o r s h i p  p ropor t ions  f o r  t h e  second t o  l a s t  age group t end  
t o  u n d e r s t a t e  t h e i r  t r u e  va lues ,  s i n c e  t h e  average m o r t a l i t y  of 
t h e  open-ended age group tends  t o  be h ighe r  than  t h e  t r u e  m o r t a l i t y  
of t h e  f i r s t  corresponding c losed  i n t e r v a l  (wh, wh+h). 
4 .  COMPARISON OF THE PROJECTION RESULTS 
The s u r v i v o r s h i p  su b ma t r i c e s  gene ra t ed  by t h e  conven t i ona l  
approach,  t h e  two v e r s i o n s  of  t h e  d i s a g g r e g a t i o n  approach,  and 
t h e  two v e r s i o n s  o f  o u r  p r e f e r r e d  approach a r e  combined w i th  
r e p r o d u c t i o n  su b m a t r i c e s  t o  form a l t e r n a t i v e  growth m a t r i c e s  f o r  
t h e  1974 Swedish d a t a  shown i n  Appendix A. Here w e  want t o  
e v a l u a t e  t h e  p r o j e c t i o n s  gene ra t ed  by t h e s e  growth m a t r i c e s  i n  
t e n s  o f  t h e i r  e f f e c t s  on t h e  changing p o p u l a t i o n  s i z e  o f  t h e  
85+ a g e  group and on t h e  e n t i r e  sy s t em ' s  annua l  growth r a t e .  
R igh t  from t h e  f i r s t  p r o j e c t e d  y e a r  ( 1975 ) ,  t h e  c o n v e n t i o n a l  
approach s e p a r a t e s  i t s e l f  from t h e  o t h e r  approaches  by f o r c i n g  
t h e  85+ ag e  group t o  grow by a n  u n r e a l i s t i c a l l y  h i g h  growth r a t e  
o f  20.47%.* I n  c o n t r a s t ,  t h e  two v e r s i o n s  of  t h e  p r e f e r r e d  
approach b o t h  imply a  growth r a t e  o f  3.87%, whereas t h e  f i r s t  
v e r s i o n  o f  t h e  d i s a g g r e g a t i o n  approach r e s u l t s  i n  a  growth r a t e  
o f  3.44% and t h e  second v e r s i o n  a  growth r a t e  of  8.66%. F i g u r e  
1  shows t h a t  among a l l  t h e  approaches ,  t h e  c o n v e n t i o n a l  one 
t e n d s  t o  produce most e r r a t i c  p r o j e c t i o n  f o r  t h e  l a s t  open-ended 
age  group,  because  it a m p l i f i e s  t h e  i r r e g u l a r i t i e s  i n  t h e  changing 
s i z e s  o f t h e i n c o m i n g  c o h o r t s .  The f i r s t  v e r s i o n  o f  t h e  d i s ag -  
g r e g a t i o n  approach shows a  s t r o n g  tendency t o  u n d e r p r o j e c t  t h e  
p o p u l a t i o n  s i z e  i n  t h e  85+ age  group,  whereas t h e  second v e r s i o n  
o f  t h e  d i s a g g r e g a t i o n  approach i s  modera te ly  s e n s i t i v e  t o  t h e  
i r r e g u l a r i t i e s  i n  t h e  i n i t i a l  age  composi t ion  b u t  does  n o t  show 
a  s t r o n g  tendency t o  under-  o r  o v e r - p r o j e c t  t h e  s i z e  of  t h e  o l d e s t  
a g e  group.  The two v e r s i o n s  o f  o u r  p r e f e r r e d  approach produce 
p r a c t i c a l l y  i d e n t i c a l  r e s u l t s  t h a t  n e i t h e r  ampl i fy  t h e  i r r e g u l a r -  
i t i e s  o f  t h e  incoming c o h o r t s  nor  e x h i b i t  any tendency o f  ove r -  
o r  u n d e r - p r o j ec t i o n ,  assuming t h e  a g e - s p e c i f i c  r a t e s  a r e  t i m e -  
i n v a r i a n t .  
The c o n v e n t i o n a l  approach n o t  o n l y  y i e l d s  u n r e a l i s t i c  pro-  
j e c t i o n s  f o r  t h e  85+ age  group b u t  a l s o  d i s t o r t s  s i g n i f i c a n t l y  
t h e  growth r a t e  o f  t h e  e n t i r e  p o p u l a t i o n ,  a l t hough  t h e  p r o p o r t i o n  
* A l l  t h e  growth r a t e s  mentioned i n  t h i s  s e c t i o n  a r e  i n s t a n t a n e o u s  
r a t e s  p e r  y e a r .  
KEY 
1 - conventional approach 
2 - disaggregation 
approach I 
3 - disaggregation 
approach I1 
4 - preferred linear 
and exponential 
approach 
year 
Figure 1. Size index of population aged 85 and over (1974 = 100). 
of t h e  popula t ion  i n  t h e  l a s t  age group i s  u s u a l l y  r e l a t i v e l y  
smal l .  Table 1 shows t h a t  between 1974 and 1975 t h e  growth r a t e  
of t h e  e n t i r e  popula t ion  i s  pro jec ted  t o  be 0.56% by t h e  conven- 
t i o n a l  approach and 0.34% by our  p r e f e r r e d  approaches. This 
d i f f e r e n c e  i s  completely due t o  t h e  d i f f e r e n t  t rea tments  of t h e  
open-ended age group. W e  a l s o  see  from Figure 2 t h a t  t h e  growth 
r a t e  of t h e  e n t i r e  popula t ion  generated by t h e  convent ional  
approach tends  t o  f l u c t u a t e  s i g n i f i c a n t l y  i n  response t o  t h e  
changing s i z e s  of t h e  cohor t s  e n t e r i n g  t h e  l a s t  age group, 
whereas t h e  corresponding growth r a t e s  generated by our  p r e f e r r e d  
approaches e x h i b i t  a more r e g u l a r  p a t t e r n .  The more i r r e g u l a r  
t he  i n i t i a l  age composit ion,  t h e  worse t h e  convent ional  approach 
w i l l  perform. For c o u n t r i e s  t h a t  have more i r r e g u l a r  age compos- 
i t i o n s  than Sweden (e. g . ,  t h e  Sov ie t  Union and t h e  Federa l  Republic 
of Germany), t h e  d i f f e r e n c e s  between t h e  approaches would be more 
dramatic  than  what i s  revea led  i n  our example. The p a t t e r n s  of 
popula t ion  growth r a t e s  generated by t h e  two d isaggrega t ion  
approaches do n o t  d i f f e r  much from those  of our  p r e f e r r e d  
approaches, a s  shown i n  Appendix B. 
Table 1 .  Annual growth r a t e  i n  pe rcen t ,  1974-1975. 
Approach Population 85+ Total population 
Conventional 20.47 0.56 
Disaggregation I 
Disaggregation I1 
Preferred linear 
Preferred 
exponential 
y e a r  
KEY 
-
1 - conventional approach 
2 - pre fe r red  l i n e a r  and exponential approach 
F i g u r e  2 .  A n n u a l  g r o w t h  rate ( i n  p e r c e n t ) :  1974-2024.  
CONCLUSION 
W e  have po in t ed  o u t  t h e  problems of t h e  convent iona l  approach 
t o  popula t ion  p r o j e c t i o n ,  a r i s i n g  from an i n a p p r o p r i a t e  s p e c i f i -  
c a t i o n  of  t h e  s u r v i v o r s h i p  p ropor t ions  f o r  t h e  l a s t  two age 
groups. A f t e r  examining s e v e r a l  a l t e r n a t i v e  approaches t h a t  may 
remedy t h e s e  problems, w e  a r e  convinced t h a t  ou r  p r e f e r r e d  
approaches desc r ibed  i n  s e c t i o n  3  a r e  s u p e r i o r  t o  t h e  o t h e r  
a l t e r n a t i v e s  i n  terms of ( 1 )  t h e  i n t e r p r e t a b i l i t y  of t h e  s u r -  
v i v o r s h i p  p r o p o r t i o n s ,  ( 2 )  t h e  r e l i a b i l i t y  of  t h e  p r o j e c t i o n  
r e s u l t s ,  and ( 3 )  t h e  computat ional  e f f e c t  involved.  
APPENDIX A: DATA FOR SWEDEN 1974 ,  FEPIALES, 
STOCKHOLM AND REST OF THE COUNTRY 

16. 
78. 
63. 
SS . 
73. 
76. 
57. 
SI. 
52.  
1 3 .  
63. 
73. 
79. 
53.  
S6. 
93. 
74. 
66. 
55. 
57. 
37. 
41. 
32. 
2'+. 
28. 
23. 
30. 
16. 
27. 
15. 
10. 
13. 
6. 
12. 
10. 
10. 
15. 
tot 766:EO. 10O.OB 9991. 100.00 6639. 100.00 12884. 100.00 14723. 10O.OO 
gross 0.817 1.221 1.251 1.431 
crcde(xl000) 0. 8.661 16.S88 19.214 -2.407 
m.o:e 35.17 27.53 73. OG 25.32 26.61 27.59 76.?6 26.59 25.35 
e (0) 78.24 

125. 0.40 86. 
119. 0.37 78. 
127. 0.40 63. 
141. 0.41 S:i . 
9 0.59 73. 
203. 0.63 75. 
181. 0.56 S7. 
190. 0.59 81. 
235. 0.73 63. 
255. 0.73 73. 
251. O.?S 69. 
282. 0.SS 53. 
335. 1.04 79. 
312. 0.97 59. 
341. 1.OC S6. 
4CS. 1.27 93. 
495. I .54 74. 
520. 1.62 66. 
53s. 1 .GS 55. 
598. 1 .S6 57. 
GSG. 2. 14 37. 
700. 2. IS 41. 
7.1s. 2.33 32. 
84s. 2.64 24. 
SSC. 2.76 1s. 
1 3. 13 23. 
IOWS. 3. 14 30. 
1117. 3.48 16. 
1157. 3.60 27. 
tot 3331970. 100.00 43209. 100.00 32113. 100.00 14729. 100.00 12334. 400.00 
gross 0.931 1.268 0.339 0.291 
crude(x1000) 0. 9.635 4.421 3.567 6.554 
m.aae  38.66 26.99 74.65 2C.61 25.32 27.16 76.65 28.28 26.60 
e (0) 78.16 
APPENDIX B: PROJECTED GROWTH RATES OF 
SWEDISH FEMALES, 1975-2024  
Year 1 2 3 4 
KEY 
-
1 - convent ional  approach 
2 - disaggrega t ion  approach I 
3 - disaggrega t ion  approach I1 
4 - p r e f e r r e d  approach l i n e a r  
5 - p r e f e r r e d  approach exponent ia l  
REFERENCES 
Keyfitz, N. (1968) Introduction to the Mathematics of Population. 
Reading, Mass. : Addison-Wesley . 
Keyfitz, N. (1977) AppZied Mathematical Demography. New York: 
John Wiley. 
Liaw, K.-L., and J. Ledent (1980) Discrete Approximation of a 
Continuous Model of Multistate Demography. PP-80-14. 
Laxenburg, Austria: International Institute for Applied 
Systems Analysis. 
Ledent, J. (1978) Some Methodological and Empirical Considerations 
in the Construction of Increment-Decrement Life Tables. 
RM-78-25. Laxenburg, Austria: International Institute 
for Applied Systems Analysis. 
Rogers, A. (1975) Introduction to Multiregional Mathematical 
Demography. New York: John Wiley. 
Shieh, L.S., R. Yates, and J. Navarro (1978) Representation of 
Continuous-Time State Equations by Discrete-Time State 
Equations. IEEE 8 (6) : 485-492. 
Willekens, F., and A. Rogers (1 978) Spatial Population Analysis: 
Methods a n d  Computer Programs. RR-78-18. Laxenburg, 
Austria: International Institute for Applied Systems 
Analysis. 
